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Numerical results for the energy spectra of N electrons on a spherical surface are used as input data
to determine the quasiparticle energies and the pairwise “Fermi liquid” interactions of composite
Fermion (CF) excitations in fractional quantum Hall systems. The quasiparticle energies and their
interactions are then used to determine the energy spectra, E vs total angular momentum L, of states
containing more than two quasiparticles. The qualitative agreement with the numerical results gives
a remarkable new confirmation of the CF picture.
PACS numbers: 73.40.Hm, 73.20.Dx
Numerical diagonalization of the interaction Hamilto-
nian for N electrons on a spherical surface in the presence
of a radial magnetic field has contributed greatly to our
understanding of the elementary excitations in fractional
quantum Hall systems [1]. The energy spectra (E vs L,
the total angular momentum) always show a lowest en-
ergy sector (or lowest band) separated by a well-defined
gap from a first excited sector [2]. In many cases the
first excited sector is separated from higher states by a
slightly less well-defined gap. The object of the present
paper is to demonstrate the extent to which the low lying
states can be understood in terms of CF excitations [3,4]
and their interaction energies.
We do not attempt to evaluate microscopically the
quasiparticle energy (i.e. the energy of a single CF ex-
citation interacting with a Laughlin condensed state) or
the energy of interaction of a quasiparticle pair. Instead
we determine these phenomenologically by using the ex-
act numerical results for N -electron systems containing
zero, one or two quasiparticles. These phenomenolog-
ical “Fermi-liquid” parameters are then used to study
states containing three or more quasiparticles within a
shell model analogous to that of the nucleus [5]. The
qualitative agreement of this “Fermi liquid” shell model
approach with the exact numerical spectra gives strik-
ing new confirmation of the CF picture of the fractional
quantum Hall effect. The small quantitative discrepan-
cies may give some clue to the relative importance of the
three body forces that arise in the Chern-Simons trans-
formation from electrons to composite Fermions [4,6].
The single electron states on a Haldane sphere have
eigenfunctions |l,m > and eigenvalues [7]:
ξl =
h¯ωc
2S
(l(l + 1)− S2) , (1)
where l is the angular momentum, m its z-component,
and 2S hce is the strength of the magnetic monopole which
produces the radial magnetic field. The allowed values of
l begin with the integral or half-integral value S and in-
crease in unit steps. If we concentrate on a partially filled
lowest Landau level (l = S), we have 2S + 1 degenerate
single particle states with m-values going from −S to S.
We can form (2S + 1)![N !(2S + 1−N)!]−1 antisymmet-
ric many body states of N electrons from these degener-
ate single particle states. The many body states can be
written |α,L,M >, where L andM are the total angular
momentum and its z-component, and α distinguishes dif-
ferent states of the same L. The Wigner-Eckart theorem
simplifies the diagonalization of the interaction Hamilto-
nian enormously, and the final energies depend upon L
and α but not upon M .
In making the transformation from electrons to com-
posite Fermions [3], an even number of fictitious flux
quanta are attached to each electron. In the mean-field
approximation, this leads to an effective magnetic field
B∗ and an effective CF filling factor ν∗ which is an in-
teger. Since we will concentrate on states close to the
Laughlin ν = 1/3 state (ν∗ < 2), we will make use of the
result that for such states 2S = 3(N − 1) + nQH − nQE
and 2S∗ = 1(N − 1) + nQH − nQE . Here nQH (nQE) is
the number of CF quasihole (quasielectron) excitations.
S∗ plays exactly the same role for CF’s that S plays for
electrons [8], so that the angular momentum of a quasi-
hole is lQH = S
∗ and of a quasielectron (which occurs in
the first excited Landau level) lQE = S
∗ + 1.
The low-lying states can be classified by the number of
quasiparticle excitations they contain. The lowest energy
sector contains the minimum number consistent with the
values of N and 2S. The first excited sector contains one
additional QE-QH pair. The angular momentum of a
state is simply the total angular momentum of the quasi-
particle excitations [8]. This can be obtained by addi-
tion of angular momentum of the QE excitations and the
QH excitations treated as independent sets of Fermions.
The energy ξQE or ξQH of a single quasihole or a sin-
1
gle quasielectron can be obtained by subtracting the en-
ergy EL=0(2Sν=1/3) from EL=N/2(2S = 2Sν=1/3± 1). A
state containing nQE quasielectrons and nQH quasiholes
would have energy nQEξQE + nQHξQH if there were no
interaction among the quasiparticle excitations. By look-
ing at the numerical results it is apparent that the low-
est energy sector of the nQE = 2 or nQH = 2 states
and the first excited sector of the Laughlin condensed
state contain a number of states which are not degen-
erate. The difference between the numerical results for
the two quasiparticle state |α,L,M > and the sum of
the bare quasiparticle energies can be interpreted as the
Fermi liquid interaction energy of the quasiparticles in
that state [9]. For a QE-QH pair a plot of VQE−QH(L)
for N = 5, 6, 7, 8 electron sytems is given in reference
[9]. For a QE-QE (or a QH-QH) pair it is more useful to
plot VQE−QE (or VQH−QH ) as a function of LMAX − L,
where LMAX is the largest possible angular momentum
of the pair [9,10]. The functions VQP−QP ′ (L) play the
role of Landau’s Fermi liquid interaction energies [11].
It should be noted that both ξQP and VQP−QP ′ (L) must
contain effects due to both two particle and three particle
interactions. ξQP is defined as the sum of the QP kinetic
energy and its interaction with the Laughlin condensed
state, which plays the role of the vacuum state. In the
CF picture this interaction contains both two body and
three body interaction terms.
Let us consider the system of 3 particles, two of them
with angular momentum l, the third with angular mo-
mentum l′. The wave function of the system in the state
of the total angular momentum L can be written using
the Racah decomposition [12]:
|l2(L1)l
′L >=
∑
L′
RL′,L1 |ll
′(L′)lL > . (2)
Here |l2(L1)l
′L > denotes the state in which two QP’s of
angular momentum l are coupled to give a resulting two
particle angular momentum L1; L1 is then coupled with
l′ to give a total angular momentum L. In Eq. (2)
RL′,L1 =
√
(2L1 + 1)(2L′ + 1)W (llLl
′;L1L
′) ,
where W are Racah coefficients. The matrix element of
the interaction energy is
< l2(L1)l
′L|
∑
i<k
Vik|l
2(L2)l
′L > .
We separate the interaction in the same shell (ll) and
the interactions between shells ll′ [5]; then this matrix
element becomes
Vll(L1)δL1,L2 + 2
∑
L′
R∗L′,L1RL′,L2Vll′ (L
′). (3)
In the case of degenerate states the interaction energies
are eigenvalues of the interaction matrix.
The problem of three or more identical particles all
with angular momentum l involves the idea of coefficients
of fractional parentage. In the special case of three par-
ticles we may write [12]:
|l3Lα >=
∑
L′
FαL′ |l
2(L′)lL >
where |l2(L′)lL > is the wave function of the system
in which the pair angular momentum ll(L′) is defined
and α is the additional parameter distinguishing dif-
ferent degenerate states. FαL′ are coefficients of frac-
tional parentage which satisfy the normalization condi-
tion
∑
L′ |F
α
L′ |
2 = 1. The antisymmetry of the states
leads to the matrix equation [12]:
∑
L′′ FL′′(AL′′,L′ −
δL′′,L′) = 0 , where
AL′′,L′ = (−)
3l−L+1
√
(2L′′ + 1)(2L′ + 1)W (lllL;L′′L′).
The matrix element of the interaction of the system is
given by [5]:
< l3Lα|
∑
i<k
Vik|l
3Lβ >= 3
∑
L′
FαL′F
β
L′Vll(L
′) , (4)
where Vll(L
′) is the pair interaction of particles in l − l
coupling in the state of the pair angular momentum L′.
The equations (3) and (4) allow us to obtain the energy
of three particle states in terms of two-particle interac-
tions. In our approach we make use of the quasiparticle
picture of the shell theory of the nucleus [5]. The main
idea is that the shell with 2l + 1 − n particles can be
treated in terms of the conjugated configuration of ln
quasiholes. The allowed angular momenta of these two
configurations are the same. The idea of quasiholes can
be extended to the configuration of particles in two shells.
For example the l2ll′ configuration can be considered as
a particle-hole pair. One can treat the particle-hole in-
teraction Vl2ll′ as the interaction between two particles
ll′, Vll′ [5].
Let us start by analyzing the spectrum of a three quasi-
electron excitation. We keep the number of electrons
fixed and change the flux going through the sphere (2S);
a decrease of one flux quantum from the Laughlin state
generates one quasielectron of the angular momentum
lQE = N/2. A decrease of an additional flux quantum
creates two quasielectrons in the angular momentum shell
l = N/2− 1/2. Hence, for N=7 the allowed angular mo-
menta of a quasielectron pair are 5, 3, 1. In the next step
we find the three-quasielectron excitations corresponding
to three CF’s in the shell l = 2.5. The construction of
antisymmetric states leads to the states of the total an-
gular momenta 1.5, 2.5, 4.5. In this configuration the
pair angular momenta are 4, 2, 0, so that to find inter-
action energies of the system we have to know pairwise
interactions for the shell l = 2.5. In fact, those can be
found in the system with a different number of electrons,
in this case for N = 6. Another possibility is to use
the data for pairwise interaction for N = 7 assuming
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that quasielectron-quasielectron interaction is a function
of RAM = LMAX − Lpair [9,10]. Here we use the lat-
ter approach since the interactions vary with the number
of electrons. However, we believe that the difference be-
tween using these two methods becomes unimportant for
a higher number of electrons (in the previous analysis [9]
very good agreement was found between pairwise inter-
actions as a function of RAM for N = 7, 8, even though
some discrepancies occurred for N = 5, 6).
In Fig. 1A we plot numerical results of exact diag-
onalization (pluses) and shell model results (circles) for
three-quasielectron excitation for N = 7. The same is
done for N = 8 (Fig. 1B); Fig. 2A gives the results for
three-quasihole excitations for N = 7, and Fig. 2B gives
the same results for N = 8. We observe very good qual-
itative agreement between numerical data and the shell
model results.
Let us now analyse the spectra of two quasielectrons
(quasiholes) and a quasihole (quasielectron). These ap-
pear as the second excitation sector for the states con-
taining one quasielectron (quasihole). For N = 7 the
single quasielectron excitation is in the shell l = 3.5, so
that in the second excitation sector we have two quasi-
electrons in the shell l = 3.5 and a quasihole in l = 2.5.
The allowed angular momenta of two quasielectrons are
6, 4, 2 , 0, so that the allowed total angular momenta are
0.5, (1.5)2, (2.5)3, (3.5)3, (4.5)3, (5.5)2, (6.5)2, 7.5, 8.5.
Again we plot the numerical results together with the re-
sults of the shell model (Fig. 3A). First comparison of
the numerical results with the non-interacting quasipar-
ticles state suggests that some of the predicted states are
missing (or pushed up in energy). In fact, we confirm this
in our shell model approach, the main reason for push-
ing some states up in energy is the large quasielectron-
quasihole interaction for LQE−QH = 1. It should be
noted that other authors [13–15] have interpreted the en-
ergy spectra in terms of individual CF excitations. Al-
though no interactions between CF excitations were in-
cluded, the overlap of the CF state trial wavefunction
with the lowest electron Landau level was evaluated. The
absence of the L = 1 QE-QH state in the first excited sec-
tor was attributed to lack of overlap. We simply assume
the interaction to be large (we take the numerical result
for the lowest energy state with L = 1 in the Laughlin
state). The same analysis is made for N = 8 (Fig. 3B)
and for two quasiholes and a quasielectron for N = 7
and 8 in Fig. 4A and 4B. In all cases we observe that the
qualitative feature of pushing some states up is confirmed
by the shell model approach.
There are quantitative discrepancies between the shell
model results and the numerical data. Some of them
may indicate the presence of another excited states. For
example for 2QE-QH excitations we observe that an ad-
ditional state seems to appear at l = lQE + 1, where
agreement between our model and the numerical results
is the weakest. This is undoubtly due to our neglect of
the single quasielectron excitation in the next CF Lan-
dau level. The “bare” QE energy of this excitation is very
close to the “bare” energy of the 2QE-QH state and its
angular momentum is lQE + 1. Other discrepancies may
be a measure of the role of three particle forces which are
present in the Chern-Simons approach.
It is interesting to analyse the energy of the ground
state of 2/5 filling. This state can be regarded as one
with nQE quasielectrons of the ν = 1/3 state filling the
2lQE+1 states of the first excited CF Landau level. The
interaction energy of this closed shell configuration of
nQE quasielectrons is given by [5]:
V (l2l+1 L = 0) =
∑
L′
(2L′ + 1)Vll(L
′). (5)
By adding this energy to nQEξQE (sum of single quasi-
electron energies) we can compare the resulting energy
with the exact diagonalization results. The results for
N = 6, 8 are given in Table I, and they give additional
strong support for the “Fermi liquid” shell model picture
of CF excitations which we use.
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FIG. 1. A. Energy spectrum of three quasielectrons for
N = 7; lQE = 2.5 and L = 1.5, 2.5, 4.5. V is the inter-
action energy, i.e. , V = 0 corresponds to the “bare” energy
of three quasielectrons (in all figures energy in units e2/l0
where l0 is the magnetic length for the Laughlin 1/3 state).
B. Same for N = 8; lQE = 3 and L = 0, 2, 3, 4, 6.
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FIG. 2. A. Energy spectrum of three quasiholes for
N = 7; lQH = 4.5 and L = 1.5, 2.5, 3.5, (4.5)
2, 5.5,
6.5, 7.5, 8.5, 10.5. B. Same for N = 8; lQH = 5 and
L = 0, 2, 3, 42, 5, 62, 7, 8, 9, 10, 12.
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FIG. 3. A. Energy spectrum of two quasielectrons and
a quasihole for N = 7; lQE = 3.5, lQH = 2.5, and
L = 0.5, (1.5)2, (2.5)3, (3.5)3, (4.5)3, (5.5)2, (6.5)2, 7.5, 8.5.
The significant discrepancy at L = 4.5 is undoubtely associ-
ated with the state corresponding to an excited QE in the
next CF Landau level which we have neglected. The dashed
line in this figure and Fig. 4 indicates the expected position
of the “gap”. B. Same for N = 8; lQE = 4, lQH = 3, and
L = 0, 1, 23, 33, 44, 53, 63, 72, 82, 9, 10. The excited
single QE state occurs for L = 5.
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FIG. 4. A. Energy spectrum of two quasiholes and a quasi-
electron for N = 7; lQE = 4.5, lQH = 3.5, and L = 0.5,
(1.5)2, (2.5)3, (3.5)3, (4.5)4, (5.5)3, (6.5)3, (7.5)2, (8.5)2,
9.5, 10.5. B. Same for N = 8; lQE = 5, lQH = 4, and
L = 0, 1, 23, 33, 44, 54, 64, 73, 83, 92, 102, 11, 12.
TABLE I. Comparison of the exact ground state energy of
the state of 2/5 with the shell model results (energy in units
e2/l0 where l0 is the magnetic length for the Laughlin 1/3
state).
1/3 2/5
Exact Exact Predicted
N = 6 3.871635 4.001568 4.003656
N = 8 6.362649 6.521887 6.535434
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